Existence of solutions for p(x)-Laplacian equations with singular coefficients in RN  by Zhang, Qihu
J. Math. Anal. Appl. 348 (2008) 38–50Contents lists available at ScienceDirect
Journal of Mathematical Analysis and Applications
www.elsevier.com/locate/jmaa
Existence of solutions for p(x)-Laplacian equations
with singular coeﬃcients in RN ✩
Qihu Zhang a,b,c,∗
a College of Mathematics and Information Science, Shaanxi Normal University, Xi’an, Shaanxi 710062, PR China
b School of Mathematics Science, Xuzhou Normal University, Xuzhou, Jiangsu 221116, PR China
c Department of Mathematics and Information Science, Zhengzhou University of Light Industry, Zhengzhou, Henan 450002, PR China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 26 March 2008
Available online 24 June 2008
Submitted by P. Koskela
Keywords:
p(x)-Laplacian
Integral functionals
Variable exponent Sobolev spaces
Critical points
In this paper, we deal with the existence of solutions for the following p(x)-Laplacian
equations via critical point theory{−div(|∇u|p(x)−2∇u)+ e(x)|u|p(x)−2u = f (x,u) in RN ,
u ∈ W 1,p(x)(RN),
where f (x,u)=∑mi=1 λiai(x)gi(x,u), gi :RN ×R→R satisﬁes the Caratheodory condition,
but ai(x) are singular. Especially, we obtain existence criterion for inﬁnite many pairs
of solutions for the problem, when some ai0 (x) can change sign and gi0 (x, ·) satisﬁes
super-p+ growth condition.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
The study of differential equations and variational problems with variable exponent has been a new and interesting
topic. It arises from nonlinear elasticity theory, electrorheological ﬂuids, etc. (see [4,22,34]). The study on variable exponent
problems attracts more and more interest in recent years, many results have been obtained on this kind of problems, for
example [1,4–6,8–16,19–23,26–34]. On the variable exponent Sobolev spaces which have been used to study p(x)-Laplacian
problems, we refer to [8,20,23]. On the existence of solutions for elliptic equations with variable exponent, we refer to
[13,15,16,21,26–29,31–33]. In this paper, we mainly consider the existence of weak solutions for the following equation{
−div(|∇u|p(x)−2∇u)+ e(x)|u|p(x)−2u = f (x,u) in RN ,
u ∈ W 1,p(x)(RN), (P )
where −p(x)u := −div(|∇u|p(x)−2∇u) is called p(x)-Laplacian; e ∈ L∞(RN ) and ess infx∈RN e(x) = e0 > 0; p ∈ C(RN ) is
uniformly continuous and 1< infx∈RN p(x) supx∈RN p(x) <+∞; f satisﬁes
f (x, t)=
m∑
i=1
λiai(x)gi(x, t), ∀(x, t) ∈RN ×R.
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(A) For any i = 1, . . . ,m, λi is a constant, ai ∈ Lri(x)(RN ), gi : RN ×R→ R satisﬁes the Caratheodory condition, |gi(x, t)|
bi(x) + ci|t|qi(x)−1 for x ∈ RN and t ∈ R, where ci  0 are constants, bi ∈ Lq0i r0i (RN ), ri,qi ∈ C(RN ), ess infx∈RN ri(x) > 1,
ess infx∈RN qi(x) 1, and
ri(x)− 1
ri(x)
p(x) qi(x) ri(x)− 1
ri(x)
p∗(x), ∀x ∈RN .
Here r0(x) is the conjugate function of r(x), namely 1r(x) + 1r0(x) = 1, the notation f1(x)  f2(x) means
ess infx∈RN ( f2(x)− f1(x)) > 0, and
p∗(x)=
{
Np(x)/(N − p(x)), p(x) < N,
∞, p(x) N.
When p(x) ≡ p (a constant), p(x)-Laplacian is the usual p-Laplacian. The p(x)-Laplacian possesses more complicated
nonlinearities than the p-Laplacian (see [14]). On the p-Laplacian problems with singular coeﬃcients, we refer to [3,7,17,18].
But the p(x)-Laplacian problems with singular coeﬃcients are rare (see [15]). On the p(x)-Laplacian problems on unbounded
domain, we refer to [16,27]. Our aim is to give several existence results of weak solutions for p(x)-Laplacian problems with
singular coeﬃcients on unbounded domain. Especially, we obtain existence criterion for inﬁnite many pairs of solutions
for the problem, when some ai0(x) can change sign and gi0(x, ·) satisﬁes super-p+ growth condition. These results are
extensions of those of p-Laplacian problems.
This paper is divided into four sections. In the second section, we introduce some basic properties of the variable ex-
ponent Sobolev spaces. In the third section, several important properties of p(x)-Laplacian and variational principle are
presented. Finally, in the fourth section, we give several existence results of weak solutions of problem (P ).
2. Weighted variable exponent Lebesgue and Sobolev spaces
In order to discuss problem (P ), we need some theories on space W 1,p(x)(RN ) which are called variable exponent
Sobolev spaces. Denote by S(RN ) the set of all measurable real functions deﬁned on RN . Write
h+ = ess sup
x∈RN
h(x), h− = ess inf
x∈RN
h(x), for any h ∈ S(RN),
C+
(
R
N)= {h ∣∣ h ∈ C(RN), h−  1 for x ∈RN},
Lp(x)
(
R
N)= {u ∣∣∣ u ∈ S(RN), ∫
RN
∣∣u(x)∣∣p(x) dx<∞}.
We can introduce the norm on Lp(x)(RN ) by
|u|p(x) = inf
{
λ > 0
∣∣∣ ∫
RN
∣∣∣∣u(x)λ
∣∣∣∣
p(x)
dx 1
}
,
and (Lp(x)(RN ), | · |p(x)) becomes a Banach space, which is called variable exponent Lebesgue space.
The space W 1,p(x)(RN ) is deﬁned by
W 1,p(x)
(
R
N)= {u ∈ Lp(x)(RNt) ∣∣ |∇u| ∈ Lp(x)(RN)},
and it can be endowed with the norm
‖u‖p(x) = |u|p(x) + |∇u|p(x), ∀u ∈ W 1,p(x)
(
R
N).
Proposition 2.1. (See [8,13].)
(i) The space (Lp(x)(RN ), | · |p(x)) is a separable, uniform convex Banach space, and it is conjugate space is Lp0(x)(RN ), where
1
p(x) + 1p0(x) = 1. For any u ∈ Lp(x)(RN ) and v ∈ Lp
0(x)(RN ), we have∣∣∣∣
∫
RN
uv dx
∣∣∣∣
(
1
p−
+ 1
(p0)−
)
|u|p(x)|v|p0(x).
(ii) If Ω ⊂ RN is open bounded, 1 p1, p2 ∈ C(Ω), p1(x) p2(x) for any x ∈ Ω , then Lp2(x)(Ω) ⊂ Lp1(x)(Ω), and the imbedding
is continuous.
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ρ(u)=
∫
RN
|u|p(x) dx, ∀u ∈ Lp(x)(RN),
then
(i) |u|p(x) < 1 (= 1;> 1) ⇔ ρ(u) < 1 (= 1;> 1);
(ii) |u|p(x) > 1 ⇒ |u|p
−
p(x)  ρ(u) |u|p
+
p(x); |u|p(x) < 1 ⇒ |u|p
−
p(x)  ρ(u) |u|p
+
p(x);
(iii) |u|p(x) → 0 ⇔ ρ(u)→ 0; |u|p(x) → ∞ ⇔ ρ(u) → ∞.
Proposition 2.3. (See [8,13].) If u, un ∈ Lp(x)(RN ), n = 1,2, . . . , then the following statements are equivalent each other:
(1) limk→∞ |uk − u|p(x) = 0;
(2) limk→∞ ρ(uk − u)= 0;
(3) uk → u in measure in RN and limk→∞ ρ(uk)= ρ(u).
Proposition 2.4. (See [8,12].) If Ω ⊂RN is an open domain with cone property, then
(i) W 1,p(x)(Ω) is a separable reﬂexive Banach space;
(ii) If Ω ⊂ RN is an open bounded domain, 1 q ∈ C(Ω) and q(x) < p∗(x) for any x ∈ Ω , then the imbedding from W 1,p(x)(Ω) to
Lq(x)(Ω) is compact and continuous;
(iii) If p(x) is uniformly continuous, p(x) q(x) p∗(x), then the imbedding from W 1,p(x)(Ω) to Lq(x)(Ω) is continuous.
Proposition 2.5. (See [8,13].) If Ω is an open subset of RN , f : Ω ×R→R is a Caratheodory function and satisﬁes∣∣ f (x, s)∣∣ a(x)+ b|s|p1(x)/p2(x) for any x ∈RN , s ∈R,
where 1 p1, p2 ∈ C(Ω), a(x) ∈ Lp2(x)(Ω), a(x) 0, b  0 is a constant, then the Nemytsky operator from Lp1(x)(Ω) to Lp2(x)(Ω)
deﬁned by (N f u)(x)= f (x,u(x)) is a continuous and bounded operator.
Let a ∈ S(RN ), and a(x) > 0 for a.e. x ∈ Ω . Deﬁne
Lp(x)a(x)
(
R
N)= {u ∣∣∣ u ∈ S(RN), ∫
RN
a(x)
∣∣u(x)∣∣p(x) dx<∞},
with the norm
|u|
Lp(x)a(x) (R
N )
= |u|(p(x),a(x)) = inf
{
λ > 0
∣∣∣ ∫
RN
a(x)
∣∣∣∣u(x)λ
∣∣∣∣
p(x)
dx 1
}
,
then Lp(x)a(x) (R
N ) is a Banach space.
Theorem 2.6. Suppose that a ∈ Lr(x)(RN ), a(x) > 0 for a.e. x ∈RN , r ∈ C+(RN ) and r− > 1. If q ∈ C(RN ) and
r(x)− 1
r(x)
p(x) q(x) r(x)− 1
r(x)
p∗(x), ∀x ∈RN , (2)
then there is a compact embedding W 1,p(x)(RN ) ↪→ Lq(x)a(x)(RN ).
Proof. Let u ∈ W 1,p(x)(RN ). Set h(x) = r0(x)q(x) = r(x)r(x)−1q(x). Then (2) implies p(x)  h(x)  p∗(x). According to Propo-
sition 2.4, there is a continuous embedding W 1,p(x)(RN ) ↪→ Lh(x)(RN ). For any u ∈ W 1,p(x)(RN ), we have |u(x)|q(x) ∈
Lr
0(x)(RN ), and by Proposition 2.1, we have∫
RN
a(x)
∣∣u(x)∣∣q(x) dx 2∣∣a(x)∣∣r(x)∣∣∣∣u(x)∣∣q(x)∣∣r0(x) <∞.
This shows W 1,p(x)(RN )⊂ Lq(x)(RN ).a(x)
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,Now, let {un} ⊂ W 1,p(x)(RN ) and un ⇀ 0 (weakly) in W 1,p(x)(RN ). Then un → 0 (strongly) in Lh(x)(RN ), and from this it
follows that ||u(x)|q(x)|r0(x) → 0. Thus we have∫
RN
a(x)
∣∣un(x)∣∣q(x) dx 2∣∣a(x)∣∣r(x)∣∣∣∣un(x)∣∣q(x)∣∣r0(x) → 0.
It means that un → 0 (strongly) in Lq(x)a(x)(RN ). 
3. Properties of operators and variational principle
In the following, we will discuss the properties of p(x)-Laplacian and Nemytsky operator, and present several variational
principles, we denote X := W 1,p(x)(RN ). Considering the following functional
J (u)=
∫
RN
1
p(x)
|∇u|p(x) dx+
∫
RN
e(x)
p(x)
|u|p(x) dx, u ∈ X .
Denote ‖u‖′p(x) = {λ > 0 | J (u)  1}, then it is easy to see that ‖ · ‖′p(x) is an equivalence norm of ‖ · ‖p(x) on X . In the
following, we will use ‖ · ‖′p(x) to instead of ‖ · ‖p(x) on X .
Obviously (see [2]), J ∈ C1(X, R). We denote L = J ′ : X → X∗ , then
(
L(u), v
)= ∫
RN
|∇u|p(x)−2∇u∇v dx+
∫
RN
e(x)|u|p(x)−2uv dx, ∀v,u ∈ X .
Proposition 3.1. (See [13].)
(i) L : X → X∗ is a continuous, bounded and strictly monotone operator;
(ii) L is a mapping of type (S+), i.e. if un ⇀ u in X and limn→∞(L(un)− L(u),un − u) 0, then un → u in X ;
(iii) L : X → X∗ is a homeomorphism.
Denote F (x,u)= ∫ u0 f (x, t)dt , Gi(x,u)= ∫ u0 gi(x, t)dt , Fi(x,u)= ai(x)Gi(x,u), Ψ (u) = ∫RN F (x,u)dx, Ψi(u) = ∫RN Fi(x,u)dx
(Ψ ′(u), v) = ∫
RN
f (x,u)v dx.
The corresponding functional of (P ) is
ϕ(u)= J (u)+Ψ (u), ∀u ∈ X .
Theorem 3.2. Ψ ∈ C1(X,R) and Ψ , Ψ ′ are weakly-strongly continuous, namely un ⇀ u implies Ψ (un) → Ψ (u) and Ψ ′(un) →
Ψ ′(u).
Proof. We only deal with the weakly-strongly continuity of Ψi . Since∣∣gi(x, t)∣∣ bi(x)+ ci |t|qi(x)−1,
then ∣∣Gi(x, t)∣∣ bi(x)|t| + ci
qi(x)
|t|qi(x).
Since X can embedding into Lq(x)(RN ) for p(x) q(x) p∗(x), from Proposition 2.1, we can see that Fi(x,u) is integrable
on RN , then Ψi(u) is well deﬁned.
Now, we will prove that is Ψi weakly-strongly continuous. Assume that un ⇀ u in X , then {‖un‖p(x)} is bounded and
the continuous embedding X ↪→ Lqi(x)(RN ) guarantees the boundedness of {|un|qi(x)}. So there is a positive constant M such
that
sup
{∣∣|un|qi(x)∣∣
Lr
0
i (x)
,
∣∣|u|qi(x)∣∣
Lr
0
i (x)
,
∣∣(bi(x))q0i (x)∣∣
Lr
0
i (x)
}
 M.
Set Bk = {x ∈RN | |x|< k}. ai(x) ∈ Lri(x)(RN ) implies∣∣λiai(x)∣∣Lri (x)(RN\Bk) → 0, as k → ∞, for i = 1, . . . ,m uniformly.
For any ε > 0, we can ﬁnd k1 > 0 which is large enough such that∣∣λiai(x)∣∣Lri (x)(RN\Bk)  ε∑m , k k1.8M( i=1 ci + 2)
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ri(x)−1
ri(x)
p∗ , Proposition 2.4 concludes that there is a compact
embedding W 1,p(x)(Bk1 ) ↪→ Lr
0
i (x)qi(x)(Bk1 ), so un ⇀ u implies∫
Bk1
∣∣λiai(x)∣∣∣∣Gi(x,un)− Gi(x,u)∣∣dx ∣∣λiai(x)∣∣Lri (x)(Bk)∣∣Gi(x,un)− Gi(x,u)∣∣Lr0i (x)(Bk).
Since∣∣Gi(x, t)∣∣ bi(x)|t| + ci
qi(x)
|t|qi(x)  1
q0i (x)
(
bi(x)
)q0i (x) + 1+ ci
qi(x)
|t|qi(x)  (bi(x))q0i (x) + (1+ ci)|t|qi(x),
from Proposition 2.5, we have∣∣Gi(x,un)− Gi(x,u)∣∣
Lr
0
i (x)(Bk)
→ 0 as n → ∞,
and thus there exists n1 > 0 such that n n1 guarantees∫
Bk1
∣∣λiai(x)∣∣∣∣Gi(x,un)− Gi(x,u)∣∣dx< ε2 .
From Proposition 2.5,∣∣Ψi(un)−Ψi(u)∣∣
∫
Bk1
∣∣λiai(x)∣∣∣∣Gi(x,un)− Gi(x,u)∣∣dx+
∫
RN\Bk1
∣∣λiai(x)∣∣∣∣Gi(x,un)− Gi(x,u)∣∣dx
 ε
2
+ ∣∣λiai(x)∣∣Lri (x)(RN\Bk)∣∣Gi(x,un)− Gi(x,u)∣∣Lr0i (x)(RN\Bk)
 ε
2
+ ∣∣λiai(x)∣∣Lri (x)(RN\Bk){ci∣∣|un|qi(x)∣∣Lr0i (x)(RN\Bk) + ci
∣∣|u|qi(x)∣∣
Lr
0
i (x)(RN\Bk)
+ 2∣∣(bi(x))q0i (x)∣∣
Lr
0
i (x)(RN\Bk)
}
 ε
2
+ ε
2
= ε.
This concludes Ψi(un)→ Ψi(u).
In a similar way, we can obtain the weakly-strongly continuity of Ψ ′i . 
Since X is a reﬂexive and separable Banach space, then there are sequences {e j} ⊂ X and {e∗j } ⊂ X∗ such that
X = span{e j, j = 1,2, . . .}, X∗ = spanw∗ {e∗j , j = 1,2, . . .},
and 〈
e∗j , e j
〉= {1, i = j,
0, i = j.
For convenience, we write
X j = span{e j}, Yk =
k⊕
j=1
X j, Zk =
∞⊕
j=k
X j . (3)
Deﬁnition 3.3.
(i) We say ϕ satisﬁes (P S) condition in X , if any sequence {un} ⊂ X such that {ϕ(un)} is bounded and ‖ϕ′(un)‖ → 0 as
n → ∞, has a convergent subsequence.
(ii) We say ϕ satisﬁes (P S)∗c condition in X , if any sequence {un j } ⊂ X such that n j → ∞, un j ∈ Yn j , ϕ(un j ) → c and
(ϕ|Yn j )′(un j )→ 0, contains a subsequence converging to a critical point of ϕ .
Remark 3.4. Under the conditions in Theorem 3.2, ϕ′ = J ′ − Ψ ′ is the sum of an (S+) type map and a weakly-strongly
continuous map, so ϕ′ is of (S+) type. To verify that ϕ satisﬁes (P S) condition on X , it is enough to verify that any (P S)
sequence is bounded.
Proposition 3.5. Assume f satisﬁes the following condition
(B) F (x, t)  θt f (x, t) + b(x) +∑mi=1 di(x)|t|ki(x) for a.e. x ∈ RN and t ∈ R, where θ is a constant satisﬁes θ < 1p+ , b ∈ L1+(RN ),
di ∈ Lhi(x)+ (RN ), hi,ki ∈ L∞+ (RN ), hi(x)−1hi(x) p(x) ki 
hi(x)−1
hi(x)
p∗(x), k+i < p
− .
Then ϕ satisﬁes (P S) condition on X.
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c + o(1)‖un‖ ϕ(un)− θ
(
ϕ′(un),un
)
=
∫
RN
(
1
p(x)
− θ
)(|∇un|p(x) + e(x)|un|p(x))dx−
∫
RN
(
F (x,un)− θ f (x,un)un
)
dx

∫
RN
(
1
p+
− θ
)(|∇un|p(x) + e(x)|un|p(x))dx−
∫
RN
(
b(x)+
m∑
i=1
di(x)|un|ki(x)
)
dx

(
1
p+
− θ
)
‖un‖p− − C1 −
m∑
i=1
|un|k
+
i
(ki(x),di(x))

(
1
p+
− θ
)
‖un‖p− − C1 − C2
m∑
i=1
‖un‖k+i ,
then {un} is bounded. Thus {un} has a weak convergent subsequence (which we still denote by {un}) such that un ⇀ u.
According to Theorem 3.2, Ψ ′(un) → Ψ ′(u). Since ϕ′(un) = L(un) − Ψ ′(un) → 0, then L(un) → Ψ ′(u). Since L is a homeo-
morphism, then {un} is strong convergent in X . 
For each i = 1, . . . ,m, we assume λi,ai and gi satisfy one of the following conditions
(B1) q
+
i < p
− .
(B2) ai > 0, λi < 0, there exists ϑi ∈ L∞+ (RN )∩ Lr
0
i (x)(RN ) such that Gi(x, t)−ϑi(x) for any (x, t) ∈RN ×R.
(B3) ai > 0, and there exists ci(x) ∈ Lr0i (x)(RN ) and Mi > 0, such that∣∣gi(x, t)∣∣ ci(x)2Mi for ∀x ∈RN and |t|< Mi,
and there exists a constant θ ∈ (0, 1p+ ) (which is independent on i) such that
0< Gi(x, t) θtgi(x, t) for ∀x ∈RN and |t| Mi, when λi > 0
or
Gi(x, t) θtgi(x, t) > 0 for ∀x ∈RN and |t| Mi, when λi < 0.
Denote Λ = {1, . . . ,m}, and
Λ1 =
{
i ∈Λ ∣∣ λi and gi satisﬁes (B1)},
Λ2 =
{
i ∈Λ \Λ1
∣∣ λi and gi satisﬁes (B2)},
Λ3 =
{
i ∈Λ \ (Λ1 ∪Λ2)
∣∣ λi and gi satisﬁes (B3)}.
Corollary 3.6. If Λ1 ∪Λ2 =Λ, or Λ1 ∪Λ3 =Λ, then ϕ satisﬁes (P S) condition on X.
Proof. If Λ1 = Λ, then it is easy to see that ϕ satisﬁes (P S) condition on X .
If Λ1 ∪Λ2 =Λ, then it is easy to see that∑
i∈Λ2
Fi(x, t)
∑
i∈Λ2
|λi|ai(x)ϑi(x),
then
F (x, t)
∑
i∈Λ1
Fi(x, t)+
∑
i∈Λ2
|λi|ai(x)ϑi(x)

∑
i∈Λ2
|λi |ai(x)ϑi(x)+ C1
∑
i∈Λ1
∣∣λiai(x)∣∣[bi(x)]q0i + C2 ∑
i∈Λ1
∣∣λiai(x)∣∣|t|qi ,
which shows that the condition (B) with θ = 0 is satisﬁed. Thus ϕ satisﬁes (P S) condition on X .
If Λ3 is nonempty, the conditions (B3) and (A) imply that, for any (x, t) ∈RN ×R, we have
Fi(x, t) θt f i(x, t)+ |λi|ai(x)ci(x), i ∈ Λ3.
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F (x, t)− θt f (x, t)=
∑
i∈Λ1
(
Fi(x, t)− θt f i(x, t)
)+ ∑
i∈Λ3
(
Fi(x, t)− θt f i(x, t)
)

∑
i∈Λ1
(
Fi(x, t)− θt f i(x, t)
)+ ∑
i∈Λ3
θ |λi |ai(x)ci(x)

∑
i∈Λ3
θ |λi |ai(x)ci(x)+ C1
∑
i∈Λ1
∣∣λiai(x)∣∣[bi(x)]q0i + C2 ∑
i∈Λ1
∣∣ai(x)λi∣∣|t|qi ,
which shows that the condition (B) with θ = 0 is satisﬁed. Thus ϕ satisﬁes (P S) condition on X . 
Lemma 3.7. Assume that Θ : X →R is weakly-strongly continuous and Θ(0) = 0, γ > 0 is a given number. Let
βk = βk(γ ) = sup
{
Θ(u)
∣∣ ‖u‖ γ , u ∈ Zk},
then βk → 0 as k → ∞.
Proof. It is easy to see that βk  βk+1  0, so βk → β  0 as k → ∞. For each k = 1,2, . . . , taking uk ∈ Zk satisﬁes
‖uk‖ γ , 0 βk −Θ(uk) < 1k .
Then there exists a subsequence of {uk} (which we still denote by uk) such that uk ⇀ u, and〈
e∗j ,u
〉= lim
k→∞
〈
e∗j ,uk
〉= 0, ∀e∗j ,
which implies that u = 0, and so uk ⇀ 0. Hence we get βk → 0. 
Lemma 3.8. (See [16].) If |u|q(x) ∈ Ls(x)/q(x)(RN ), where s(x),q(x) ∈ L∞+ (RN ), q(x) s(x), then u ∈ Ls(x)(RN ) and there is a number
q ∈ [q−,q+] such that ||u|q(x)|s(x)/q(x) = (|u|s(x))q.
Proposition 3.9 (Fountain theorem, see [25]). Assume X is a Banach space, ϕ ∈ C1(X,R) is an even functional and satisﬁes (P S)
condition, the subspace Xk, Yk and Zk are deﬁned by (3). If for each k = 1,2, . . . , there exist ρk > γk > 0 such that
(F1) αk := inf{ϕ(u) | u ∈ Zk, ‖u‖ = γk} → ∞ (k → ∞);
(F2) βk :=max{ϕ(u) | u ∈ Yk, ‖u‖ = ρk} 0,
then ϕ has a sequence of critical values tending to +∞.
Proposition 3.10 (Dual Fountain theorem, see [25]). Assume X is a Banach space, ϕ ∈ C1(X,R) is an even functional, the subspace
Xk, Yk and Zk are deﬁned by (3), and there is a k0 > 0 such that, for each k k0 , there exists ρk > γk > 0 such that
(D1) inf{ϕ(u) | u ∈ Zk, ‖u‖ = ρk} 0,
(D2) ζk :=max{ϕ(u) | u ∈ Yk, ‖u‖ = γk}< 0,
(D3) ηk := inf{ϕ(u) | u ∈ Zk, ‖u‖ ρk} → 0 (k → ∞),
(D4) ϕ satisﬁes (P S)∗c condition for every c ∈ [ηk0 ,0),
then ϕ has a sequence of critical values tending to 0.
Proposition 3.11. (See [24, Theorem 6.3].) Suppose ϕ ∈ C1(X,R) is even, and satisﬁes (P S) condition. Let V+ , V− ⊂ X be closed
subspaces of X with codim V+ + 1= dim V− , and suppose there holds
(10) ϕ(0)= 0;
(20) ∃τ > 0, ρ > 0 such that ∀u ∈ V+: ‖u‖ = ρ ⇒ ϕ(u) τ ;
(30) ∃R > 0 such that ∀u ∈ V−: ‖u‖ R ⇒ ϕ(u) 0.
Consider the following set:
Γ = {h ∈ C0(X, X) ∣∣ h is odd, h(u)= u if u ∈ V− and ‖u‖ R},
then
(a) ∀δ > 0, h ∈ Γ , S+ ∩ h(V−) = ∅, where S+ = {u ∈ V+ | ‖u‖ = δ};δ δ
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0< τ  := inf
h∈Γ
sup
u∈V−
ϕ
(
h(u)
)
is a critical value for ϕ , and then (P ) possesses a weak solution.
4. Existence and multiplicity of solutions
In this section, using the critical point theory, we give the existence and multiplicity results for problem (P ).
Deﬁnition 4.1. We call that u ∈ X is a weak solution of (P ), if∫
RN
|∇u|p(x)−2∇u · ∇v dx+
∫
RN
e(x)|u|p(x)−2u · v dx =
∫
RN
f (x,u)v dx, ∀v ∈ X .
It is easy to see that the critical point of ϕ is a solution of (P ).
Theorem 4.2. If (A) is satisﬁed and q+i < p
− , for i = 1,2, . . . ,m, then problem (P ) has a solution. Furthermore, if f satisﬁes the
following properties
(i) f (x,−t) = − f (x, t), ∀(x, t) ∈RN ×R;
(ii) There exists Ω ⊂RN is open bounded, constants δ,σ ,  > 0 such that
f (x, t) σ t−1, ∀(x, t) ∈ Ω × (0, δ),
where 1  < p− ,
then problem (P ) has a sequence of solutions {±uk | k = 1,2, . . .} such that ϕ(±uk) < 0 and ϕ(±uk)→ 0 as k → ∞.
Proof. At ﬁrst, we will prove that ϕ is coercive on X . According to condition (A), we have
∣∣Ψ (u)∣∣ i=m∑
i=1
ci‖u‖q+i + c0.
Since q+i < p
− , then
ϕ(u) 1
p+
‖u‖p− −
i=m∑
i=1
ci‖u‖q+i − c0 → +∞, as ‖u‖ → ∞.
It is easy to see that ϕ is weak lower semi-continuous. Then ϕ can attain its minimum on X , this provides a solution
of (P ).
As ϕ is coercive, then ϕ satisﬁes (P S) condition on X . From condition (i), ϕ is an even functional. Denote by γ (A) the
genus of A (see [2]). Set
 = {A ⊂ X \ {0} ∣∣ A is compact and A = −A},
k =
{
A ⊂  ∣∣ γ (A) k},
ck = inf
A∈k
sup
u∈A
ϕ(u), k = 1,2, . . . ,
we have
−∞< c1  c2  · · · ck  ck+1  · · · .
Now, we will prove that ck < 0 for every k.
Obviously, W 1,p(x)0 (Ω) is a subspace of X . For any k, we can choose a k-dimensional linear subspace Ek of W
1,p(x)
0 (Ω)
such that Ek ⊂ C∞0 (Ω). As the norms on Ek are equivalent each other, there exists ρk ∈ (0,1) such that u ∈ Ek with ‖u‖ ρk
implies |u|L∞  δ. Set
S(k)ρk =
{
u ∈ Ek
∣∣ ‖u‖ = ρk}.
From the compactness of S(k)ρk and condition (ii), there exists constant θk > 0 such that∫
N
F (x,u)dx
∫
σ |u|

dx θk, ∀u ∈ S(k)ρk .
R Ω
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ϕ(tu)=
∫
RN
1
p(x)
|∇tu|p(x) dx+
∫
RN
e(x)
p(x)
|tu|p(x) dx−
∫
RN
F (x, tu)dx

∫
RN
1
p(x)
|∇tu|p(x) dx+
∫
RN
e(x)
p(x)
|tu|p(x) dx−
∫
RN
tσ |u|

dx
 t
p−
p−
ρ
p−
k − tθk.
As  < p− , we can ﬁnd tk ∈ (0,1) and εk > 0 such that
ϕ(tku)−εk < 0, ∀u ∈ S(k)ρk ,
that is
ϕ(u)−εk < 0, ∀u ∈ S(k)tkρk .
Obviously, γ (S(k)tkρk )= k, so ck −εk < 0.
By the genus theory (see [2, Theorem 3.3]), each ck is a critical value of ϕ , hence there is a sequence of solutions
{±uk | k = 1,2, . . .} such that ϕ(±uk) < 0.
It only remains to prove ck → 0 as k → ∞.
Since ϕ is coercive, there exists a constant R > 0 such that ϕ(u) > 0 when ‖u‖  R . Taking arbitrarily A ∈ k , then
γ (A)  k. Let Yk and Zk be the subspaces of X as mentioned in (3), according to the properties of genus we know that
A ∩ Zk = ∅. Let
βk = sup
{∣∣Ψ (u)∣∣ ∣∣ u ∈ Zk, ‖u‖ R},
by Lemma 3.5, we have βk → 0 as k → ∞. When u ∈ Zk and ‖u‖ R, we have
ϕ(u)= J (u)−Ψ (u)−Ψ (u)−βk.
Hence supu∈A ϕ(u)−βk , and then ck −βk , this concludes ck → 0 as k → ∞. 
Theorem 4.3. If f satisﬁes (A), and there exists a constant θ > p+ such that, for each i = 1, . . . ,m, fi satisﬁes one of the following
conditions
(i) λiai > 0 and 0< θGi(x, t) tgi(x, t) for a.e. x ∈RN and t = 0,
(ii) λiai < 0, q
+
i < θ and θGi(x, t) tgi(x, t) > 0 for a.e. x ∈RN and t = 0,
then (P ) has a nontrivial solution.
Proof. We will prove ϕ satisﬁes the conditions of Mountain Pass lemma (see [2]).
Since f satisﬁes (A), then F (x,u(x)) is integrable on RN for any u ∈ X . According to Proposition 3.5, ϕ satisﬁes (P S)
condition.
Denote Λ = {i = 1, . . . ,m}, Λ1 = {i ∈ Λ | (i) is satisﬁed}, Λ2 = {i ∈ Λ | (ii) is satisﬁed}, then Λ1 ∪Λ2 = Λ. For any i ∈ Λ1,
since 0< θ Fi(x, t) t f i(x, t) for a.e. x ∈RN and t = 0, then we have
f i(x, tu)tu  θ Fi(x, tu) > 0, ∀u = 0, ∀t = 0,
and
f i(x, tu)u
Fi(x, tu)
 θ
t
> 0, ∀u = 0, ∀t > 0.
Integrating about t from 1 to t , we have
Fi(x, tu) |t|θ Fi(x,u) 0, ∀u ∈R, ∀t  1,
0 Fi(x, tu) |t|θ Fi(x,u), ∀u ∈R, ∀t ∈ (0,1],
then for any i ∈Λ1, we have
Fi(x, tu) |t|θ Fi(x,u) 0, ∀u ∈R, ∀|t| 1,
0 Fi(x, tu) |t|θ Fi(x,u), ∀u ∈R, ∀|t| 1.
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Gi(x, tu) |t|θGi(x,u) 0, ∀u ∈R, ∀|t| 1,
0 Gi(x, tu) |t|θGi(x,u), ∀u ∈R, ∀|t| 1.
Hence, when 0< ‖u‖ 1, we have
ϕ(u)=
∫
RN
1
p(x)
(|∇u|p(x) + e(x)|u|p(x))dx− ∫
RN
F (x,u)dx
 1
p+
∫
RN
(|∇u|p(x) + e(x)|u|p(x))dx− ‖u‖θ ∑
i∈Λ1
∫
RN
Fi
(
x,
u
‖u‖
)
dx
 1
p+
‖u‖p+ − c‖u‖θ .
Let δ > 0 be small enough, then ϕ(u) c > 0 for any ‖u‖ = δ.
For w ∈ X \ {0} and t > 1, we have
ϕ(tw)=
∫
RN
1
p(x)
(|∇tw|p(x) + e(x)|tw|p(x))dx− ∫
RN
F (x, tw)dx
 t p+
∫
RN
1
p(x)
(|∇w|p(x) + e(x)|w|p(x))dx+ ∑
i∈Λ2
∫
RN
Fi(x, tw)dx− tθ
∑
i∈Λ1
∫
RN
Fi(x,w)dx.
Since q+i < θ for any i ∈ Λ2, then ϕ(tw) → −∞ (t → +∞). Obviously, ϕ(0) = 0, then ϕ satisﬁes the conditions of
Mountain Pass lemma (see [2]). So ϕ admits at least one nontrivial critical point. 
Theorem 4.4. If f satisﬁes (A), and there exists a constant p+ < θ < (p∗)− such that, for each i = 1, . . . ,m, λi,ai and gi(x,u) satisﬁes
one of the following condition
(i) λiai > 0, and 0< θGi(x, t) tgi(x, t) for a.e. x ∈RN and t = 0,
(ii) λiai < 0, q
+
i < θ and θGi(x, t) tgi(x, t) > 0 for a.e. x ∈RN and t = 0,
(iii) q+i < p
− and |λi | is small enough,
then (P ) has a nontrivial solution.
Proof. We will prove ϕ satisﬁes the conditions of Mountain Pass lemma (see [2]). Since f satisﬁes (A), then F (x,u(x)) is
integrable on RN for any u ∈ X .
According to Proposition 3.5, ϕ satisﬁes (P S) condition. Denote Λ = {1, . . . ,m}, Λ1 = {i | (i) is satisﬁed}, Λ2 =
{i ∈ Λ | (ii) is satisﬁed}, Λ3 = Λ \ (Λ1 ∪Λ2). From the proof of Theorem 4.3, for any i ∈ Λ1, we have Fi(x, tu) |t|θ Fi(x,u)
when |t| 1. When ‖u‖ 1, we have
ϕ(u)=
∫
RN
1
p(x)
(|∇u|p(x) + e(x)|u|p(x))dx− ∑
i∈Λ1
∫
RN
Fi(x,u)dx−
∑
i∈Λ2∪Λ3
∫
RN
Fi(x,u)dx
 1
p+
‖u‖p+ − ‖u‖θ
∑
i∈Λ1
∫
RN
Fi
(
x,
u
‖u‖
)
dx−
∑
i∈Λ3
∫
RN
Fi(x,u)dx.
Then there exists a positive constant δ, such that, when ‖u‖ = δ, we have
1
p+
‖u‖p+ − ‖u‖θ
∑
i∈Λ1
max
‖u‖1
∫
RN
∣∣∣∣Fi
(
x,
u
‖u‖
)∣∣∣∣dx 12p+ ‖u‖p+ ,
when
|λi | 14p+ ‖u‖
p+ 1∑
i∈Λ3 max‖u‖1
∫
RN
|ai(x)Gi(x,u)|dx ,
we have
ϕ(u) 1
4p+
‖u‖p+ > 0.
Similar to the proof Theorem 4.3, we have the existence of solutions of (P ). 
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(i) There is a constant θ satisﬁes p+ < θ  p∗ such that, for each i = 1, . . . ,m, fi satisﬁes one of the following
(10) ri(x)−1ri(x) p < q
−
i  q
+
i < p
− ,
(20) gi(x, t)= ci|t|qi(x)−2t, θ < q−i  qi(x) ri(x)−1ri(x) p∗(x) and λiai(x) > 0,
(30) gi(x, t)= ci|t|qi(x)−2t, ri(x)−1ri(x) p(x) qi(x) q+i < θ and λiai(x) < 0;
(ii) Λ2 = {i | (20) is satisﬁed} = ∅.
Then problem (P ) has solutions {±uk | k = 1,2, . . .} such that ϕ(±uk)→ +∞ as k → +∞.
Proof. It is easy to see that f satisﬁes (B). As f satisﬁes (A), then∣∣Gi(x, t)∣∣ bi(x)|t| + ci|t|qi(x).
Denote Λ1 = {i | (10) is satisﬁed}. Hence, when ‖u‖ 1, we have
ϕ(u) 1
p+
∫
RN
(|∇u|p(x) + e(x)|u|p(x))dx− ∑
i∈Λ1
∫
RN
∣∣Fi(x,u)∣∣dx− ∑
i∈Λ2
∫
RN
ci
∣∣λiai(x)∣∣|u|qi(x) dx
 1
p+
∫
RN
(|∇u|p(x) + e(x)|u|p(x))dx− C0 − C1 ∑
i∈Λ1
‖u‖q+i −
∑
i∈Λ2
∫
RN
ci
∣∣λiai(x)∣∣|u|qi(x) dx
 1
p+
‖u‖p− − C0 − C1
∑
i∈Λ1
‖u‖q+i − C2
∑
i∈Λ2
∣∣|u|qi(x)∣∣r0i (x)
 1
p+
‖u‖p− − C0 − C1
∑
i∈Λ1
‖u‖q+i − C2
∑
i∈Λ2
|u|qi
r0i (x)qi(x)
.
Let
βi,k = sup
{|u|r0i (x)qi(x) ∣∣ u ∈ Zk, ‖u‖ 1},
then limk→∞ βi,k = 0 for any i = 1, . . . ,m. Denote βk = max1im βi,k , then limk→∞ βk = 0 and |u|r0i (x)qi(x)  βk‖u‖ for any
u ∈ Zk .
Denote q∗ = maxi∈Λ2 qi , q# = mini∈Λ2 qi , where qi is deﬁned in Lemma 3.8. As q−i > p+ for i ∈ Λ2, then q# > p+ . Let
ρk = (q∗βq#k mC2)
1
p−−q∗ . When ‖u‖ = ρk , we have
ϕ(u) 1
p+
ρ
p−
k − C0 − C1
∑
i∈Λ1
ρ
q+i
k −mC2βq#k ρq
∗
k

(
1
p+
− 1
q∗
)
ρ
p−
k − C0 − C1
∑
i∈Λ1
ρ
q+i
k
 C3ρ p
−
k := αk → +∞.
For w ∈ X \ {0} and t > 1, we have
ϕ(tw)=
∫
RN
1
p(x)
(|∇tw|p(x) + e(x)|tw|p(x))dx− ∫
RN
F (x, tw)dx
ϕ(tw) t p+
∫
RN
1
p(x)
(|∇w|p(x) + e(x)|w|p(x))dx+ ∑
i /∈Λ2
∫
RN
∣∣ai(x)∣∣[bi(x)|tw| + ci |tw|qi(x)]dx
−
∑
i∈Λ2
tq
−
i
∫
RN
ai(x)|w|qi(x) dx,
which implies ϕ(tw)→ −∞ (t → +∞). Since ϕ(0)= 0, ϕ satisﬁes the conditions of Fountain theorem. 
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(i) There is a constant θ satisﬁes p+ < θ  ri(x)−1ri(x) p∗ such that, for each i = 1, . . . ,m, fi satisﬁes one of the following
(10) ri(x)−1ri(x) p < q
−
i  q
+
i < p
− and λiai(x) > 0,
(20) gi(x, t)= ci|t|qi(x)−2t, θ < q−i  qi(x) ri(x)−1ri(x) p∗ and λiai(x) > 0,
(30) gi(x, t)= ci|t|qi(x)−2t, p− < q−i  q+i < θ and λiai(x) < 0;
(ii) Λ1 = {i | (10) is satisﬁed} = ∅.
Then problem (P ) has solutions {±uk | k = 1,2, . . .} such that ϕ(±uk) < 0 and ϕ(±uk)→ 0 as k → ∞.
Proof. Let us verify the conditions of Proposition 3.10 item by item.
Let
βk(γ ) = sup
{
Ψ (u)
∣∣ ‖u‖ γ , u ∈ Zk}.
By Proposition 3.7, there exists a positive integer k0 such that βk(1) 12p+ for all k k0. Setting ρk = 1, then for k k0
and u ∈ Zk ∩ S1, we have
ϕ(u) 1
p+
− 1
2p+
= 1
2p+
,
which shows that the condition (D1) of Proposition 3.10 is satisﬁed.
We may choose {Yk | k = 1,2, . . .}, a sequence of ﬁnite dimensional vector subspaces of X deﬁned by (3), such that
Yk ⊂ C∞0 (Ω) for all k, where Ω ⊂ RN is open bounded. For each Yk , because all norms on Yk are equivalent, there is
 ∈ (0,1) such that for every u ∈ Yk ∩ B , ‖u‖ and |u|(qi(x),|ai(x)|) are small enough, for every u ∈ Yk ∩ B , we have
ϕ(u) 1
p−
‖u‖p− −
∑
i∈Λ1
C4|λi |
(|u|(qi(x),|ai(x)|))q+i + ∑
i /∈Λ1
C5|λi |
(|u|(qi(x),|ai(x)|))q−i .
According to the deﬁnition of Λ1 and Λ2, there exists γk ∈ (0, ) which is small enough, such that
ζk :=max
{
ϕ(u)
∣∣ u ∈ Yk, ‖u‖ = γk}< 0.
Thus the condition (D2) of Proposition 3.10 is satisﬁed.
Because Yk ∩ Zk = ∅ and γk < ρk , we have
ηk  ζk < 0.
On the other hand, for any u ∈ Zk with ‖u‖  1 = ρk , we have ϕ(u) = J (u) − Ψ (u)  −Ψ (u)  −βk(1). Noting that
βk → 0 as k → ∞, we obtain ηk → 0, then (D3) of Proposition 3.10 is satisﬁed.
At last, we will prove that ϕ satisﬁes (P S)∗c condition for every c ∈R on X .
Suppose that {un j } ⊂ X such that n j → ∞, un j ∈ Yn j , ϕ(un j )→ c and (ϕ|Yn j )′(un j )→ 0. Similar to the process of verifying
the (P S) condition in the proof of Proposition 3.5, we can get the boundedness of {un j }. Going if necessary to a subsequence,
we can assume that un j ⇀ u in X . As X =
⋃
n j
Yn j , we can choose vn j ∈ Yn j such that vn j → u. Thus {un j } is bounded and ϕ
is C1 and bounded on X , then
lim
n j→∞
(
ϕ′(un j ),un j − u
)= lim
n j→∞
(
ϕ′(un j ),un j − vn j
)
lim
n j→∞
(
ϕ′(un j ), vn j − u
)
= lim
n j→∞
((
ϕ|Yn j
)′
(un j ),un j − vn j
)= 0.
As ϕ is of (S+) type, we can conclude un j → u. Furthermore, we have ϕ′(un j ) → ϕ′(u). It only remains to prove
ϕ′(u)= 0. Taking arbitrarily wk ∈ Yk , notice that when n j  k we have(
ϕ′(u),wk
)= (ϕ′(u)− ϕ′(un j ),wk)+ (ϕ′(un j ),wk)
= (ϕ′(u)− ϕ′(un j ),wk)+ ((ϕ|Yn j )′(un j ),wk).
Going to limit in the right side of above equation yields(
ϕ′(u),wk
)= 0, ∀wk ∈ Yk.
So ϕ′(u) = 0, which shows that ϕ satisﬁes the (P S)∗c condition for every c ∈ R. Then (D1) of Proposition 3.10 is satis-
ﬁed. 
50 Q. Zhang / J. Math. Anal. Appl. 348 (2008) 38–50Theorem 4.7. Let f satisfy (A), f (x,−t)= − f (x, t) and we assume
(i) There exists an i0 such that p+ < qi0(x)≡ qi0 (a constant), and there exists an open subsetΩ = ∅ such that ai0(x)  > 0 onΩ .
(ii) For each i = i0 , f i satisﬁes one of the following
(10) ri(x)−1ri(x) p < q
−
i  q
+
i < p
− ,
(20) gi(x, t)= ci|t|qi(x)−2t, qi0 < q−i  ri(x)−1ri(x) p∗ and λiai(x) > 0,
(30) gi(x, t)= ci|t|qi(x)−2t, ri(x)−1ri(x) p < q+i < qi0 and λiai(x) < 0.
Then problem (P ) has solutions {±uk | k = 1,2, . . .} such that ϕ(±uk)→ ∞ as k → ∞.
Proof. It is easy to see that (B) is satisﬁed when θ = qi0 . As f satisﬁes (A) and (B), then ϕ satisﬁes (P S) condition. Let
V+k = Zk , it is a closed linear subspace of X and V+k ⊕ Yk−1 = X . Denote Ω+ = {x | ai0 (x)  > 0}, then
meas(Ω+ ) > 0.
Let φi ∈ C∞0 (Ω+ )∩ X satisfy
suppφi ∩ suppφ j = ∅, ∀i = j.
Set V−k = span{φ1, . . . , φk}. Similar to the proof of Theorem 4.5, it is easy to see that for every pair of V+k and V−k ,
ϕ satisﬁes the conditions of Lemma 3.12 and the corresponding critical value k := infh∈Γ supu∈V−k ϕ(h(u)) → +∞ when
k → +∞. 
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